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Abstract
Damage-modified nonlinear viscoelastic constitutive equation and failure criterion are introduced and the three-dimensional in-
cremental forms are deduced based on the updated Lagrangian approach. A simple tensile test model and a split Hopkinson pressure bar 
model are built to verify the accuracy of the subroutine implemented within the non-linear finite element program LS-DYNA. A nu-
merical model of bird strike on windshield is established to study the responses of windshield under three different bird velocities at 
three sites. The bird is represented by a cylinder with a hemisphere at each end and the contact-impact coupling algorithm is used in this 
study. It is found that the implemented subroutine can properly describe the mechanical behavior of polymethyl methacrylate under low 
and high strain rates and large deformation, and can be used validly. 
Keywords: bird strike; damage-modified non-linear viscoelastic constitutive relation; material subroutine; windshield; strain rate 
1 Introduction*
Bird strike on windshield is one of the most 
significant threats to the military aircraft which is 
frequently operated at low altitudes. For this reason, 
worldwide scholars have made a lot of efforts to 
study this problem in order to avoid damage of the 
impacted parts. Uncoupling and coupling solutions 
are two main methods used in the simulation of bird 
strike. Uncoupling method generally doesn’t con-
sider the bird’s model. In which, the load is directly 
applied to the structure. The response of the struc-
ture is calculated independently[1-3]. Coupling me- 
thod needs to build the model of bird. In which the 
structure and bird have to satisfy the compatibility 
condition on the contact interface. A more detailed 
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solution of bird strike process can be achieved 
through this approach. This is why this method is 
generally used in recent studies[4-5].
As the duration time of bird strike is very short, 
the effect of strain rate should be taken into consid-
eration. In the past, the polymethyl methacrylate 
(PMMA) material of windshield was usually simu-
lated with elastic[6] or plastic[1] material. Wang Lili 
et al.[7] studied the mechanical behavior of the 
PMMA material at strain rates ranging from 10–4 to 
103 s–1 and developed a non-linear viscoelastic con-
stitutive equation which was called Zhu-Wang-Tang 
(ZWT) constitutive equation. Bai Jinze et al.[5] used 
the material model to simulate bird impact on 
windshield. The result showed the validity of the 
model. Then the equation was modified by improv-
ing non-linear elastic terms and introducing an in-
ternal damage variable[8-9]. The damage-modified 
ZWT constitutive equation and its corresponding 
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dynamic damage criterion can properly describe the 
stress-strain relations of 1# PMMA and 2# PMMA. 
In this paper, the equation and criterion are intro-
duced. Further, a user-oriented material subroutine 
is developed within LS-DYNA. The subroutine is 
then verified and used to simulate the dynamic re-
sponse of bird strike on windshield. 
2 Damage-modified ZWT Constitutive  
  Equation and Its Incremental Form 
2.1 Damage-modified ZWT constitutive equa- 
tion
Dynamic impact and quasi-static tensile ex-
periments were performed by Wang Lili et al. to 
study the mechanical behavior of polymer. Accord-
ing to the experimental results, it was found that the 
behavior of polymer could be described by the fol-
lowing ZWT non-linear viscoelastic constitutive 
equation, under strain rates ranging from 10–4 to 103
s–1 and the strain up to 6%-7%[9].
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where C0, D and E are the elastic constants of the 
non-linear term which describes non-linear response 
of the material under dynamic load. C1 and T are 
the elastic constant and relaxation time of the first 
Maxwell body, which is used to describe the vis-
coelastic response for low strain-rate. C2 and 2T are
the elastic constant and relaxation time of the se- 
cond Maxwell body, which is used to describe the 
viscoelastic response for high strain-rate. All the 
material parameters are determined by experiments. 
In Eq.(1b), C0 and D are positive constants and 
E is either positive or negative. The ratio of stress 
and strain ed dV H  might be negative which repre-
sents instability in constitutive equation when E is 
negative. But it is impossible for an elastic deforma-
tion to be destabilized. So the equation should be 
modified to avoid false elastic strain softening. 
Eq.(1b) can be replaced by the following equation 
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where mV  denotes the maximum asymptotic stress, 
m is a non-dimensional relative initial elastic mo- 
dulus and expressed as 0 mE V , n is used to char-
acterize the initial linearity and equals to 4 for both 
1# PMMA and 2# PMMA materials used in wind-
shield.
It should be pointed out that Eq.(1b) is only 
valid when strain is less than 7%. In order to take 
the strain softening effect into account, Zhou Feng- 
hua et al.[8] uses the following equation to describe 
the relationship of stress and strain. 
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where eV , 1rV  and 2rV  are stresses defined by Eq.(2), 
Eq.(1c) and Eq.(1d) respectively. D is a damage 
variable and can be obtained through the following 
equation at a constant strain rate when the initial 
condition
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where thH  is a strain-threshold of the damage evo-
lution. thH , 0D  and G are material parameters de-
termined by experiments. The dynamic damage cri-
terion can be written as 
 10 th fįD DH H H                 (5) 
All material parameters for 2# PMMA are 
listed in Table 1. 
Table 1 Material parameters for 2# PMMA 
Vm/MPa n m E1/MPa ș1/s E1/MPa ș2/Ps İth G 0D Df
110 4 19.9 949 13.8 3 981 67.4 0.055 1.22 0.863 0.079 7
2.2 Incremental form of stress tensor 
As the windshield is a three dimensional struc-
ture, the equations discussed above should be ex-
tended to a three-dimensional form. Based upon the 
incremental approach of updated Lagrangian, these 
equations are rewritten into incremental forms using 
updated Kirchhoff stress tensors and updated Green 
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strain tensors[10]. The stress tensor without damage 
is
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In order to be realized within LS-DYNA, the 
incremental form of the stress tensor in Eq.(6a) 
should be obtained firstly. For Eq.(6b), the incre-
mental form can be achieved through differential 
operations.
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The viscoelastic stress tensor for low strain- 
rate at t is 
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The increment of the viscoelastic stress tensor 
for high strain-rate can be obtained in the similar 
way. 
Based on the above discussions, the increment 
of the stress tensor in time t'  is 
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In Eq.(6a) and Eq.(7), Sij and Eij are Kirchhoff 
stress tensor and Green strain tensor respectively. 
And the matrix A in those equations is 
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The recurrence relations in a time incremental 
step is 
, 1 , , 1ij n ij n ij n   'S S S   for  thH H    (9) 
where Sij,n is the stress tensor at tn, Sij,n+1 is the stress 
tensor at tn+1 which is equal to nt t ' , and , 1ij n'S
is the increment of the stress tensor and calculated 
by Eq.(7). 
2.3 Incremental form of the damage variable 
In this paper, the equivalent strain calculated 
by the following equation is used to identify 
whether the strain is lager than the strain-threshold. 
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If the equivalent strain is lager than the 
strain-threshold Hth, the damage evolution should be 
taken into consideration. Then the stress tensor at tn
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becomes 
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where Sij,n is the stress tensor without damage, a,ij nS
is the stress tensor with damage, Dn is the damage 
variable which can be calculated by Dn =
 10 thn nD OH H H    when nt t . If the strain rate at tn
is assumed to be approximately equal to the strain 
rate at tn+1, the increment of the damage variable is 
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Similar to Eq.(9) the damage variable Dn+1 at
tn+1 can also be obtained. In order to simulate the 
damage of elements, the stress tensor is set a large 
number which is larger than the real stress that the 
polymer material will be able to bear when the 
damage variable is equal to or lager than the critical 
fractural value Df. An extra command which allows 
failure and erosion of material is added in the input 
file of LS-DYNA. Then the damage of the material 
is realized. 
So the increment of the stress tensor without 
damage becomes 
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The increment of the stress tensor with damage 
can be calculated by 
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Then the recurrence relations of the stress ten-
sor is 
a a a
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3 Verification of the Material Subroutine 
A material subroutine has been developed 
within LS-DYNA based on the above derivation. In 
the subroutine, 25 history variables and total of 10 
array are used to store stress and strain tensors and 
damage variable. The subroutine includes 13 mate-
rial parameters, 10 of which are listed in Table 1. 
The remaining parameters of the material are the 
Poisson’s ratio Q  0.426, bulk modulus K  4.932
GPa, and shear modulus G  768 MPa. 
In order to verify the subroutine, simple tensile 
test of dog-shaped model and split Hopkinson pres-
sure bar (SHPB) model are built, as shown in Fig.1. 
The dimensions of tensile specimen are 200 mm×20 
mm×2 mm and the SHPB specimen are 10 mm in 
length and 7.5 mm in diameter. The bullet is 324 
mm in length. The incident bar and transmission bar 
are 800 mm in length, respectively. All of the three 
components are 10 mm in diameter. The models are 
meshed by the default brick element. Automatic 
surface-to-surface contact options are generally 
used in SHPB model. The specimens are made of 2# 
PMMA and its material parameters are the same as 
those described above. Other parts of the SHPB 
model are made of steel and represented by material 
model 1 of LS-DYNA (*MAT_ELASTIC). The left 
end of the tensile model is fixed in x-direction while 
on the other end is applied a constant velocity load. 
For the SHPB model, only a constant initial velocity 
is applied on the bullet. 
Fig.1  Models used to verify the material subroutine. 
The simulating results for the uniaxial ten-
sional and compression of 2# PMMA versus the 
theoretical data are given in Fig.2. The figure 
clearly shows that the mechanical response of the 
material is highly sensitive to the strain rate. As the 
strain rate for SHPB model changes with time, there 
is a little difference between the theoretical and 
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computational results. From the good conformity, it 
can be seen that the material subroutine can be used 
to describe the mechanical behavior of material 
within LS-DYNA. 
Fig.2  Theoretical and computational stress-strain curves at 
different strain rates. 
4 Application in the Simulation of Bird  
 Strike on Windshield 
The numerical model of bird strike on wind-
shield consists of bird and windshield, which are 
meshed by the default brick element. Hourglass 
control and automatic surface-to-surface contact 
options are used. The windshield is represented by a 
Lagrangian reference configuration, whereas the 
bird is represented by a multi-material arbitrary La-
grangian Eulerian (ALE) formulation to avoid too 
large deformation. The geometry and mesh of the 
bird and the full FE model are shown in Fig.3. The 
bird is modeled by material model 3 of DYNA 
(PLASTIC_ KINEMATIC) and the following mate-
rial properties are used: 3950 kg/mU  , 10 GPaE  ,
Et = 5 MPa , s 0.85 MPaV  , 0.3Q  , failure 1.0H  . The 
total mass of the bird approximates to 1.8 kg. The 
bird is set to strike on three locations[12] (A, B and C
in Fig.3) of the windshield surface with three dif-
ferent initial velocities of 125 m/s, 150 m/s and 160 
m/s. 
When the bird strikes on the central point, the 
windshield will be broken at 160 m/s, while there is 
no damage at 150 m/s. When the bird strikes on 
point A, the windshield will not be broken at 160 
m/s which means the front part of the windshield 
can resist large impact load. The rear part and the 
impacted site will be broken when the bird strikes 
on point C and the bird speed is 150 m/s which 
means the rear part is quite weak. Fig.4 shows the 
rear frame and the impacted site of the windshield 
being broken when the bird strikes on point C at 
160 m/s. 
Fig.3  The FE model of bird strike on windshield and bird 
strike sites. 
Fig.4  Broken windshield when the bird strikes on point C.
Fig.5 shows the displacement tendencies of 
bird strike locations at 125 m/s. It can be seen that 
the bird strike on windshield is a large deformation 
problem as the displacement is larger than wind- 
shield thickness. When the bird strikes on point A,
the strike process lasts a little longer than that of 
strike on other points but the maximum deformation 
at point A is smaller than the others. As the distance 
between rear frame and point C is short most, the 
backward stress wave reaches point C first and the 
point C reaches its minimal displacement first. Fig.6 
shows the displacement of the inner surface of point 
B under three different bird strike speeds and Fig.7 
shows the camber line displacement at 3 ms. Central 
point displacement is sensitive to bird speed. The 
maximum displacement is not occurred at impacted 
point but at the upper part of the impacted point. 
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Fig.5  Bird strike sites displacement. 
Fig.6  Central point displacement at impacted point B.
Fig.7  Camber line displacement at 3 ms. 
5 Conclusions 
The following conclusions can be drawn from 
the above analysis of damage-modified nonlinear 
viscoelastic constitutive relation. 
(1) The material subroutine developed within 
LS-DYNA can describe the behavior of the material 
fairly well at low and high strain rates and large 
deformation accompanied with damage evolution 
and can be used in the simulation of bird impact on 
the windshield. 
(2) The rear part of windshield is the weakest 
portion while the front part is the strongest. When 
bird strikes on the central point, the critical speed 
for the windshield being broken is 150-160 m/s. 
(3) The strike process lasts for only about 5 ms. 
The deformation is larger than the thickness of 
windshield and the maximum strain is up to 0.1. So 
the large deformation and corresponding geometri-
cal non-linearity should be taken into consideration. 
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